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A simple version of the Bardeen-Cooper-Schrieffer ~BCS!-type mean-field theory for the t-J model is
developed. The present approach rigorously treats the constraint of no doubly occupied states and invokes two
local order parameters to implement spontaneous breaking of the global U(1)3U(1) symmetry. This is
achieved by identifying the Hubbard operators with generators of the SU(2u1) superalgebra in the fundamental
representation and employing the ensuing CP1u1 parametrization for dynamical variables. As a result, an
improved phase diagram Tc(d) in the paramagnetic phase is obtained.In 1987, P. W. Anderson made a suggestion1 that the
insulating state of a number of lanthanum copper oxides rel-
evant for high-Tc superconductivity is the resonating valence
bond ~RVB! state, a hypothetical spin liquid state proposed
in 1973.2 Such a state appears as a resonant disordered mix-
ture of electron singlet pairs corresponding, to some extent,
to the generalization of a disordered ground state of the one-
dimensional ~1D! quantum antiferromagnet to higher dimen-
sions. Away from half filling the pre-existing spin singlet
pairs can Bose condense giving rise to a charged superfluid
state. To put this idea on quantitative grounds, Baskaran,
Zou, and Anderson ~BZA! ~Ref. 3! worked out a variant of
the BCS-type mean-field theory for the t-J model, with the
order parameter being the pair amplitude of a singlet along a
nearest-neighbor bond. The authors seemed to properly re-
cover a part of the phase diagram Tc(d) for doping concen-
tration d.0.05 ~for reasonable values of relevant param-
eters!. The similar phase diagram has independently been
derived by Ruckenstein, Hirschfeld, and Appel in their
mean-field treatment of the extended t-J model based on the
slave-boson representation for the Hubbard operators.4
Although Anderson’s notion of a spin liquid state seems
quite reasonable, the RVB mean-field theory results in a
number of unsatisfactory points, which may lead to some
doubts when concerning its relevance for the high-Tc phe-
nomenon. First, Tc starts out with a finite value ;J , whereas
a reasonable phase diagram must imply that Tc(d50)50.
Second, away from half filling, Tc increases to a maximum
value which is, however, a few times higher than an experi-
mental value. Third, the mean-field RVB theory predicts that
Tc(d) rapidly decreases beyond maximum until supercon-
ductivity is presumably destroyed, which would be in accord
with a true phase diagram. On the one hand, actual compu-
tations reveal that the falloff of Tc changes again at d;0.3
for an increase, which certainly contradicts experimental re-
sults.
The purpose of this article is to demonstrate explicitly that
the BZA mean-field theory does result in a reasonable phase
diagram for the t-J model, free of the above-mentioned in-
consistencies, provided: ~a! the constraint of no doubly oc-PRB 610163-1829/2000/61~2!/1580~4!/$15.00cupied states is rigorously satisfied and: ~b! order parameters
to implement the U(1)3U(1) symmetry breaking are prop-
erly identified.
We start by expressing the t-J model in terms of the
Hubbard operators Xi
s0
, defined as5
Xi
s05cis
† ~12ni ,2s!, nisni ,2s50,
where cis is the annihilation operator of an electron at site i
with spin s56 , and nis[cis
† cis . Then, the t-J Hamil-
tonian takes on the form
Ht2J52t (
^i , j ,s&
Xi
s0X j
0s1H.c.1J(
^i , j&
S QW iQW j2 14 nin j D ,
~1!
where ^i , j& denotes a summation over nearest-neighbor non-
repeated bonds. The electron-spin operator
QW i5
1
2 (ss8
Xi
s0tWss8Xi
0s8
enters the magnetic part of H and tW5(t1,t2,t3) stand for the
Pauli matrices.
Restriction of no double occupancy turns into identity
X001(sXss5I . Note that Xs0 appears as a fermionic op-
erator, whereas Xss8 correspond to bosonic degrees of free-
dom. As a matter of fact, X operators are closed into the
SU(2u1) superalgebra in the lowest 3D ~fundamental! repre-
sentation ~necessary details can be found in Ref. 6!.
The BCS-type transition for the t-J model in a supercon-
ducting state may occur as a result of spontaneous breaking
of the UNe(1)3UQ3(1) global symmetry which corresponds
to the conservation of the total electron number Ne
5( i(Xi111Xi22)5:( i ,snis and the total spin projection
operator Q35 12 ( i(Xi112Xi22). In order to imlpement
spontaneous breaking of the UNe(1) symmetry, consider the
valence bond ‘‘singlet’’ pair creation and annihilation opera-
tor with the restriction of no double occupancy, A2bi j
†
5Xi
10X j
202Xi
20X j
10
. Note that bii
† 50 ~no doubly occupied
states are possible within our formulation!, whereas in the1580 ©2000 The American Physical Society
PRB 61 1581BCS-TYPE MEAN-FIELD THEORY FOR THE t-J . . .BZA theory one gets bii
† 5ci↑
1ci↓
1Þ0. It is the important dif-
ference with respect to the BZA approach. A nonzero value
of the order parameter A2^bi j&5:D i j5D , implies that the
UNe(1) symmetry is spontaneously broken. Physically, it
corresponds to the onset of the electron spin-singlet forma-
tion, with link-independent pair amplitude leading to an
s-wave-like order parameter.
In the SU(2u1) path-integral representation, the t-J parti-
tion function takes the form6
Zt2J5E
CP1
DmSU(2)E DmFexp@At2J# ,
At2J5
1
2 (j E0
b
dtS z¯˙ jz j2z¯ jz˙ j
11uz ju2
1j¯˙ jj j2j¯ jj˙ jD 2E
0
b
Ht2J
cl dt .
~2!
The classical Hamiltonian which enters the action reads
Ht2J
cl 52t(
^i , j&
j ij¯ j~11z¯iz j!
A~11uziu2!~11uz ju2!
1H.c.
2m(
i
~12j¯ ij i!2
JD
2 (^i , j&
j ij j~z¯ j2z¯i!
A~11uziu2!~11uz ju2!
1H.c.1JD2NZ/4, ~3!
where we have explicitly introduced a chemical-potential
term 2mNe to control the occupation number. Even and odd
Grassmann variables zi and j i parametrize superspace
SU(2u1)/U(1u1)5CP (1u1), the N51 supersymmetric exten-
sion of complex projective line CP1. From Eq. ~2! it follows
that j i correspond to the spinless fermion degrees of free-
dom, while zi represent pure SU(2) spins.6 Operators Xis0 ,
which describe real electron excitations ~provided there are
no doubly occupied sites! are thus replaced by auxiliary dy-
namical fields zi and j i which, to some extent, keep track of
the electron spin and charge degrees of freedom, respec-
tively. Relevant elementary excitations are usually termed
spinons and holons. The CP1u1 language provides an ad-
equate description of the spinon-holon excitations inherent to
a doped quantum spin liquid state,7 though of course not
unique. For instance, the SU(2) formulation of the t-J
model to discribe the underdoped regime has recently been
successfully developed.8
Equation ~3! is invariant under global UQ3(1) transforma-
tions j i→eiuj i , zi→zie2iu. To properly identify an order
parameter associated with the UQ3(1) symmetry breaking, a
certain fixed value of z field, zi
(0)
, might be ascribed to any
lattice site i, which leads to the spontaneous breaking of the
UQ3(1) symmetry by the local order parameter
L i j52L j i5
~zi
(0)2z j
(0)!
A~11uzi(0)u2!~11uz j(0)u2!
.
The latter can be viewed as a spinon-singlet amplitude. To
see this, one may note that
L i j5Cs3521/2~zi!Cs351/2~z j!2Cs3521/2~z j!Cs351/2~zi!,where Cs3561/2(z) is a spinon wave function in the z repre-
sentation:
Cs3561/2~z !“^s3561/2uz&, Sˆ (3)us3&5s3us3&,
uz&5~11uzu2!21/2exp$zQ2%us351/2&.
To proceed, we suggest the simplest mean-field treatment
of the RVB state based on the SU(2u1) path-integral repre-
sentation ~2!. Essentially, as the spinon field zi can fluctuate
between two values 6aPC , we assign a classical fluctuat-
ing field, zi
(0)56a , to every lattice site. If this is the case,
then there is no sense in introducing any type of the antifer-
romagnetic sublattices. Of course, a certain ~highly simpli-
fied! scheme for these fluctuations has to be imposed by
hand, which may be interpreted as a snapshot in the path
integral. Explicitly, we put zi
(0)2z j(i)
(0) 5a@12
(21) ipW (RW i2RW j(i))#52a , where index i runs over all the lattice
sites, whereas j(i) is defined by
RW j(i)5RW i1nW , nW .0, ~4!
with nW being the unit vector in the lattice axes directions. To
implement this ansatz into path integral ~2!, D11 fields
z j ,z j(i) at every site j are considered instead of one field z j
5:z j( j) , where D indices i are defined at a given j by Eq. ~4!.
Integration is then understood over all the auxiliary fields,
with D constraints z j1z j(i)50 being imposed.
Once this is assumed, the quantum counterpart of Eq. ~3!
becomes ~in the momentum representation!
Ht2J52(
k
tk~a! f k1 f k
2m(
k
~12 f k1 f k!1iS1~a!JD
3(
k
f kf 2kbk2iS2~a!JD
3(
k
f 2k1 f k1bk1JD2NZ/4, ~5!
where f cl“j and tk(a)52tS3(a)gk .
Hamiltonian ~5! is of BSC type, except that spinless fer-
mions are involved rather than the true fermionic operators.
This is an obvious consequence of the no double occupancy
restriction. To proceed, a paramagnetic phase is to be con-
sidered, ^Qi3&50, where the thermodynamical averaging is
understood with respect to the Hamiltonian ~5!. The above
equation relates the hole concentration d5(1/N)( i^ f i1 f i& to
the spinon variable a in the following way: d5(1
2uau2)/(11uau2)522S3 ~it is sufficient to consider uau
P@0,1# , otherwise one can make a change a→1/a and t→
2t). As a consequence, no true long-range magnetic order
emerges. We have considered anisotropic order parameter:
D(q)5D(cos qx6cos qy) with 1(2) corresponding to ex-
tended s-wave (d-wave! symmetry. One obtains the follow-
ing system of equations which determine the order parameter
and the chemical potential:
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N (k
tanh~Ekb/2!
Ek
~bk
(s ,d)!25
Z
J , ~6!
1
2N (k
tanh~Ekb/2!
Ek
@ tk~d!2m#5d21/2, ~7!
where
Ek
25J2D2~bk
(s ,d)!2~12d2!1@ tk~d!2m#2, ~8!
tk(d)522tdgk , gk5cos kx1cos ky , bks 5sin kx1sin ky for
extended s-wave and bk
d5sin kx2sin ky for d-wave symmetry
of the order parameter.
Note that setting in the above equations D50 does not
correspond to a normal phase which by definition is the state
with the unbroken UNe(1)3UQ3(1) symmetry. As a conse-
quence, Eqs. ~6!–~8! result at D50 in a nonmonotonic be-
havior of chemical potential m as a function of d , which is in
a sense a generic feature of a state with broken symmetry.
Within our approach the normal phase implies that both
equations D50 and L50 hold, which yields a monotonic
though trivial dependence m(d).
In contradistinction to the standard RVB formulation, in
our approach the exclusion of double occupancy of lattice
sites is explicitly taken into account. This feature shows up
in the equation for the chemical potential ~7! and results in a
different occupation number dependence of pairing correla-
tions. In order to illustrate this difference one can consider
Eqs. ~6! and ~7! in the limit d→0 and D→0, which allows
for evaluation of the critical temperature for vanishing con-
centration of holes. In the BZA approach the case d→0 cor-
responds to the half filled band. One obtains m50 and kTc
5J/(ZN)(kgk2Þ0. However, for spinless fermions d→0 is
related to entirely filled band. It can be easily proved that for
vanishing concentration of holes Eqs. ~6! and ~7! lead to m
5J/(ZN)(k(bk(s ,d))2 and Tc50 for both ~extended s-wave
and d-wave! symmetries. Therefore one may expect that the
critical temperature achieves the maximum for finite doping.
It has been confirmed by numerical calculations. Figures 1
and 2 show the critical temperature and the magnitude of the
order parameter at T50 as a function of concentration of
FIG. 1. The critical temperature as a function of concentration
of holes. The inset shows Tc(d) calculated for J50.5t .holes. Both Tc and D(T50) do not depend on the symmetry
of the RVB state. In our approach the RVB pairing mecha-
nism is effective only for small concentration of holes d
,0.3—0.4 and leads to much lower ~and therefore more
realistic! values of the critical temperature than in the origi-
nal BZA formulation. In the entire region of concentration of
holes Tc(d) reproduces, at least qualitatively, the experimen-
tal data for high-temperature superconductors. The similar
behavior for the d-wave superconducting order parameter
D(T50) as a function of d has been obtained in Ref. 9,
within a different framework, based on a variational method
for a projected BCS trial wave function in the Gutzwiller
approximation.
It is worth mentioning that a few earlier attempts at de-
veloping mean-field theories directly in terms of the X op-
erators have been made. Since the slave particle representa-
tions for the Hubbard operators necessarily imply that the
constraint of no double occupancy is to be taken into account
~see, e.g., Ref. 10, and references therein!, and in view of the
fact that its mean-field treatment leads to an uncontrollable
error,12 some attempts to derive specific exact spin-fermion
representations for Hubbard operators free of any constraints
have been carried out.11 Nevertheless, those representations,
exact at d50, have been proven false away from half
filling.6
On the other hand, the mean-field theory based on the
so-called projection technique for Green functions in terms
of Hubbard operators has been developed.13 This approach
heavily relies on the so-called Hubbard-I approximation,
^Xi
ss&5n/2, which seems to impose a rather strong restric-
tion. As a matter of fact, the mean-field theory based on both
the projection technique and Hubbard-I approximation
proves, in general, inconsistent with the underlying SU(2u1)
superalgebra identities, which casts certain doubts on the re-
sults obtained within that approach. In particular, it has been
conjectured13 that the d-wave superconducting pairing in the
t-J model follows just from the SU(2u1) algebra identities,
whereas our consideration, also based on the X-operator al-
gebra, does not distinguish between the d- and s-wave pair-
ings. This apparent distinction deserves a comment.
FIG. 2. Magnitude of the order parameter at T50 as a function
of concentration of holes. The inset shows D(d) at T50 calculated
for J50.5t .
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equation
^Xi
s0Xi
s¯ 0&50, s¯ 52s ~9!
which, in their opinion, enforces the requirement of no dou-
bly occupied states at a site. In fact, the operator identity
Xi
s0Xi
s¯ 050 ~10!
that follows from the definition of the Hubbard operators and
does eliminate two-particle states, is not equivalent to Eq.
~9!, but rather implies that Eq. ~9! must hold irrespective of
a particular way of averaging ~in our treatment, for instance,
^Xi
10Xi
20&;^j i
2&[0). In other words, Eq. ~9!, as it appears
in Ref. 13, must be obeyed for any function Dq , and hence
can show no preference to a particular choice of the super-
conducting order parameter. If, on the other hand, Eq. ~9!holds only for a certain specific set of functions Dq—which
is just the case in Ref. 13—Eq. ~10! cannot be obeyed and
hence no properly defined Hubbard operators are actually
involved. From a physical standpoint, this results in an un-
controllable error and consequently in unreliable conclu-
sions.
To summarize, we suggest a more refined treatment of the
BZA mean-field theory for the t-J model based on a rigorous
imposition of the no double occupancy constraint and a
proper identification of the local order parameters relevant
for BCS-type transition. As a result, a reasonable phase dia-
gram in the paramagnetic phase is obtained.
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